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Abstract 

Phenotypic traits rarely evolve in isolation. Instead, multiple traits typically interact to influence fitness, resulting in complex coevolutionary 
dynamics. Such dynamics can be predicted using mathematical frameworks, such as adaptive dynamics and quantitative genetics. Selection 
gradients play a crucial role in these frameworks, describing the direction and strength of selection and thus predicting evolutionary trajectories 
and potential endpoints. Current theory focuses mainly on analysing how traits change in response to selection, which changes over time as 
traits evolve. However, the extent to which changes in each trait contribute to changes in the selection environment remains unquantified, leaving 
much of our understanding of trait coevolution reliant on verbal reasoning. To advance a more comprehensive and quantitative understanding of 
coevolutionary dynamics, we develop a general framework that examines how trait changes feedback to influence the selection environment. This 
framework enables a fine-grained and systematic investigation of coevolutionary feedback between traits and selection gradients by quantifying 
the pathways through which they influence one another. Our framework can be applied both to adaptive-dynamic models and to quantitative- 
genetic models under the weak selection limit. We illustrate our approach with three examples that showcase its potential to deepen our 
understanding of established models. 
Keywords: joint evolution, adaptive dynamics, quantitative genetics, selection gradient, canonical equation, anisogamy 
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Introduction 

In nature, it is rare for one trait to evolve independently of 
the rest of an organism’s phenotype. Instead, multiple traits 
typically interact to determine an organism’s fitness, result- 
ing in often complex coevolutionary dynamics ( Bank, 2022 ; 
Svensson et al., 2021 ). Here are three examples of this ubiq- 
uitous phenomenon, taken from our own field of behavioral 
ecology: First, sex role divergence often involves the coevo- 
lution of male and female traits, including parental care,
mate choice, and mating competition ( Andersson, 1994 ; 
Fromhage & Jennions, 2016 ; Henshaw et al., 2019 ; Long & 

Weissing, 2023 ). Second, natal dispersal is suggested to coe- 
volve with prosocial behaviours (e.g., helping other members 
in a group; see Hochberg et al., 2008 ; McNamara & Leimar,
2020 ; Mullon et al., 2018 ; Powers et al., 2011 ). Third, in 

group-foraging species foraging strategies coevolve with vig- 
ilance against predators ( Giraldeau & Caraco, 2000 ; Harten 

et al., 2018 ; Mathot & Giraldeau, 2008 ; Ranta et al., 1998 ).
Our understanding of coevolutionary dynamics depends 

critically on theoretical models based on a range of ap- 
proaches, including population genetics ( Kirkpatrick, 1982 ; 
Nagylaki, 1992 ; Revathi Venkateswaran et al., 2021 ), quan- 
titative genetics ( Lande, 1981 ; Mead & Arnold, 2004 ; Roff,
1997 ), adaptive dynamics ( Dashtbali et al., 2024 ; Fawcett 
et al., 2011 ; Henshaw et al., 2019 ), and individual-based 

simulations ( Baldauf et al., 2014 ; Long & Weissing, 2023 ; 
Waffender & Henshaw, 2023 ; Long et al., 2025a ). Here,
our primary focus is on the adaptive-dynamic framework.
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y separating the processes of mutation, selection, and 

emographic or ecological change, adaptive dynamics en- 
bles us to focus on phenotypic, rather than genetic, evo-
ution. This facilitates models of complex trait interactions,
ncluding frequency-dependent selection and demographic 
tructure ( Kuijper et al., 2012 ; Pen & Weissing, 2001 ). In
daptive-dynamic models, rare mutations of small effect are 
ssumed to arise against the background of a monomorphic 
esident population (where all other individuals share the 
ame phenotype). The relationship between mutational ef- 
ects and mutant fitness is quantified as a selection gradient,
hich describes the direction and strength of selection act- 

ng on a trait. Selection gradients can then be used to predict
volutionary trajectories and the likely end points of evo- 
ution (e.g., evolutionarily stable strategies, see Dercole & 

inaldi, 2008 ; Geritz et al., 1998 ; McGill & Brown, 2007 ).
Selection gradients are a key determinant of evolution- 

ry change in adaptive dynamics and many other model- 
ng frameworks (e.g., Lande & Arnold, 1983 ; Taylor, 1996 ).
rucially, selection gradients themselves also change over 
volutionary time, for two reasons. First, selection is often 

requency-dependent, so that the relationship between trait 
alues and fitness (i.e., the fitness function) changes along 
ith the population trait distribution. Second, since selec- 

ion gradients depend on the statistical relationship between 

rait values and fitness within a population, they depend on
he current trait distribution even when the fitness function 

s held fixed. Selection’s dependence on the trait distribution 
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Figure 1. Feedback loop between a single trait z and its selection gradient 
βz in an adaptive-dynamic model. The black solid arrow indicates changes 
in the trait value due to selection, whereas the black dashed arrow 

represents changes in the selection gradient due to changing trait values. 
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n turn has important implications for coevolution, because
t induces a feedback loop: Selection causes traits to change,
eading to changes in the current trait distribution, which can
ubsequently alter the strength and direction of selection.
urther, just as selection on one trait can indirectly cause
hanges in other traits due to genetic correlations ( Lande &
rnold, 1983 ), changes in the distribution of one trait can af-

ect selection on other coevolving traits, because fitness is of-
en determined by an interaction between traits ( Bank, 2022 ;
vensson et al., 2021 ). Our current mathematical toolkit
ainly focuses on analysing one half of this feedback loop:

he effects of selection on trait evolution. While some stud-
es have applied basic causal analysis, such as switching off
volutionary change in one trait to observe how this affects
election on another (e.g., Maisonneuve & Aubier, 2025 ),
hese approaches do not precisely quantify how much each
rait’s change contributes to changes in the selection envi-
onment for itself and for other traits. As a result, a quanti-
ative decomposition is lacking, and thus, our understanding
f trait coevolution continues to rely largely on verbal rea-
oning about causal relationships over evolutionary time. 

Here, we develop a general framework for analysing feed-
ack between traits and selection gradients in coevolution-
ry models. Our goal is to enhance our understanding of
rait coevolution by providing a formal tool to examine how
raits interact to shift the selection environment. Instead of
elying solely on verbal explanations of coevolutionary dy-
amics, our approach offers a means of quantifying feed-
acks. Our framework can be applied to adaptive-dynamic
odels and also to quantitative genetic models under the as-

umption of weak selection. We illustrate these applications
ia three examples, revealing our framework’s potential to
nrich our understanding of even well-established models. 

eneral approach 

daptive dynamics for a single trait 

e begin by outlining the fundamental assumptions of
daptive-dynamic models of evolutionary change, as encap-
ulated by the “canonical equation” ( Champagnat et al.,
001 ; Dieckmann & Law, 1996 ). In adaptive dynamics, the
esident population is assumed to be genetically monomor-
hic at any given point in time. Mutations arise rarely and
ause only small deviations from the resident phenotype,
orresponding to small differences in fitness (i.e., adaptive
ynamics is inherently a weak selection framework). If a
utant trait value outperforms the resident strategy in fit-
ess terms, there is a nonzero probability that it invades the
esident population, and eventually completely replaces the
esident strategy. Since mutations are rare, it is assumed that
ach invasion is completed before a new mutation arises.
his process typically continues until the population reaches
n equilibrium state, at which point no further mutant inva-
ions are possible. The dynamics of this process are captured
y the canonical equation of adaptive dynamics ( Dieckmann
 Law, 1996 ). In a one-trait model with a resident trait z ,

he canonical equation takes the form: 

dz 
dt 

= 1 

2 

μNσzz βz , (1) 

here μ is the mutation rate of the trait at birth; N is the
ize of the resident population; σzz is the variance in the
henotypic effects of mutations (given by σzz = E ( ˆ z − z ) 2 ,
here ˆ z is the trait value of a mutant); the selection gra-
ient βz = 1 

w̄ 

∂ 
∂ ˆ z w ( ˆ z , z ) | ˆ z = z describes the strength and direc-

ion of selection on the trait z (where w ( ˆ z , z ) denotes the
tness of a mutant with trait ˆ z in a monomorphic resident
opulation with trait z , and w̄ indicates the mean fitness of
esident individuals); and the factor 1 

2 reflects that, under di-
ectional selection, only half of the mutations are beneficial
nd thus can contribute to evolutionary change. The factor
= 1 

2 μN indicates the total number of mutations that can
ontribute to evolutionary change per time unit. Thus, the
ne-trait canonical equation can also be written as follows: 

dz 
dt 

= κσzz βz . (1∗)

eedback analysis with one evolving trait 

e will principally be interested in feedback acting on two
r more coevolving traits. However, we will first introduce
ome of the necessary concepts in the setting of a single
volving trait, where things are much simpler. As shown
n Figure 1 , the selection gradient βz determines the direc-
ion and scales the speed of evolutionary changes on the trait
 (black solid arrow) and, reciprocally, changes in the trait
alue can feed back to influence the selection gradient (black
ashed arrow). Using the chain rule of calculus, we can break
own the rate of change in the selection gradient as follows: 

dβz 

dt 
= dβz 

dz 
dz 
dt 

. (2)

Plugging equation ( 1 

∗) into ( 2 ) then yields: 

dβz 

dt 
= κσzz βz 

dβz 

dz 
. (3)

Equation ( 3 ) describes the feedback loop acting on the
election gradient ( Figure 1 ) in quantitative terms. To see
ualitatively how such feedback affects selection, we need
o examine the combination of the selection gradient βz and
ts feedback term 

dβz 
dt ( Figure 2 ). A positive selection gradi-

nt indicates selection for trait values that are larger than
he current resident strategy. When feedback is also posi-
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Figure 2. How does feedback influence the strength of selection on a trait? In this coordinate plot, the x -axis represents the selection gradient, while the 
y -axis represents the feedback (or feedback components) acting on the selection gradient (e.g., equation ( 3 )). When both the selection gradient and 
feedback are positive (top-right quadrant), selection favors mutants with trait values larger than the current resident value, and feedback acts to increase 
the intensity of this selection (positive reinforcing selection). When the selection gradient is positive but feedback is negative (bottom-right quadrant), 
selection again favors larger trait values, but feedback reduces the strength of this selection (positive inhibiting selection). In the bottom-left quadrant, 
where both the selection gradient and feedback are negative, selection favors smaller trait values and feedback increases the strength of selection 
(negative reinforcing selection). Finally, in the top-left quadrant, when the selection gradient is negative but feedback is positive, selection again favors 
smaller trait values, but feedback acts to weaken selection (negative inhibiting selection). 
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tive, it intensifies this selection, making selection for a larger 
trait even stronger. We refer to this as “positive reinforcing”
feedback. On the other hand, if the selection gradient is pos- 
itive, but feedback is negative, it weakens selection for larger 
trait values, which we term “positive inhibiting” feedback.
Analogous considerations apply when the selection gradient 
is negative: Negative feedback on a negative selection gra- 
dient reinforces selection (“negative reinforcing” feedback), 
whereas positive feedback inhibits it (“negative inhibiting”
feedback). Thus, feedback can either amplify or dampen se- 
lection on a trait, depending on whether it aligns with or 
opposes the direction of selection gradient (see examples be- 
low). 

Adaptive dynamics of two coevolving traits 

When multiple traits coevolve in a single species, the evolu- 
tionary dynamics become more complicated, because traits 
can interact with one another. Here, we start with a model 
with two traits, x and y . In this case, the canonical equation 

takes the form: 

dx 

dt 
= κσxx βx + κσxy βy (4a) 

dy 
dt 

= κσyy βy + κσxy βx , (4b) 
which can be written more compactly as follows: 

d 

dt 

[
x 

y 

]
= κM 

[
βx 
βy 

]
. (4∗) 

Here, M = [
σxx σxy 
σxy σyy 

] is the variance–covariance matrix of 

he phenotypic effects of new mutations, and κ = 1 
2 μN is 

efined as above. Importantly, σxy represents the mutational 
ovariance between the two traits (i.e., the covariance be- 
ween the effects of a random mutation on x and y ). Such
utational covariance can affect the direction of evolution.

f σxy � = 0 , then selection acts on x both directly (quantified
y βx ) and indirectly via selection on y ( βy ) and the muta-
ional correlation between the two traits ( σxy ). 

eedback analysis with two coevolving traits 

or ease of understanding, we start with the assumption that
here is no mutational correlation between the coevolving 
raits (i.e., the off-diagonal elements of the matrix M equal
ero), meaning that each trait is only under direct selection.
his assumption is widely made in applications of adaptive 
ynamics. Equations (4a and 4b ) then simplifies to: 

dx 

dt 
= κσxx βx (5a) 

dy 
dt 

= κσyy βy . (5b) 
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We now develop tools for studying coevolutionary feed-
ack between two coevolving traits. In the absence of mu-
ational correlation, such feedback arises via the following
wo-step process ( Figure 3A ): (1) Traits change due to direct
election (black solid arrows in Figure 3A ). (2) The selec-
ion environment (i.e., the strength and direction of selec-
ion) changes due to the shifts in trait values (black dashed
rrows in Figure 3A ). In the two-trait model, each selection
radient, βx and βy , can be understood as a function of the
urrent resident trait values, x and y . Similar to equation ( 2 ),
e can break down changes in the selection gradients using

he chain rule, as follows: 

d 

dt 
βx = ∂βx 

∂x 

dx 

dt 
+ ∂βx 

∂y 
dy 
dt 

(6a) 

d 

dt 
βy = ∂βy 

∂y 
dy 
dt 

+ ∂βy 

∂x 

dx 

dt 
. (6b) 

Plugging equations ( 5a ) and ( 5b ) into ( 6a ) and ( 6b ) then
ields: 

d 

dt 
βx = κσxx βx 

∂ βx 

∂ x 

+ κσyy βy 
∂ βx 

∂ y 
(7a) 

d 

dt 
βy = κσyy βy 

∂ βy 

∂ y 
+ κσxx βx 

∂ βy 

∂ x 

, (7b) 

hich can be written more compactly as: 

dβ

dt 
= κJM β. (7∗) 

here J = [
∂βx 
∂x 

∂βx 
∂y 

∂βy 

∂x 
∂βy 

∂y 

] is a Jacobian matrix, M = [
σxx 0 

0 σyy 
] and

= [
βx 
βy 

] . 

The Jacobian matrix J plays an important role in the exist-
ng theory on multivariate adaptive dynamics, in particular
n relation to the convergence stability of an evolutionarily
table strategy (ESS) (i.e., whether nearby resident strategies
ill converge to the ESS over evolutionary time, see Geritz

t al., 1998 ; McNamara & Leimar, 2020 ). In general, an
SS is convergence stable if the eigenvalues of the matrix
roduct JM , evaluated at the ESS trait values, have nega-
ive real parts. Since the matrix M is typically unknown, an
dditional criterion is often useful: Convergence stability is
uaranteed for all fixed variance–covariance matrices M if
he matrix J + JT is negative definite at the ESS ( McNamara
 Leimar, 2020 ). 
Equations ( 7a ) and ( 7b ) describe how changes in the traits

 and y affect the selection gradients βx and βy , respectively,
n the absence of mutational covariance. To understand how
hanges in each trait feed back to alter the selection gradi-
nt βx acting on the trait x , we can analyse the structure
f equation ( 7a ) (see Figure 3B ). In fact, there are two feed-
ack components: (1) Direct selection on the focal trait x
an affect selection βx acting on the same trait (“within-
rait feedback,” κσxx βx 

∂βx 
∂x : blue arrows in Figure 3B ). This

s the only type of feedback in the one-trait model presented
bove (cf. Figure 1 ). (2) Changes to the other trait y may like-
ise affect the selection gradient βx (“cross-trait feedback,”
σyy βy 

∂βx 
∂y : green arrows in Figure 3B ). Within-trait feedback

escribes how direct selection on the focal trait affects its se-
ection gradient, whereas cross-trait feedback indicates how
nteractions between traits influence selection on the focal
rait. The structure of feedback on the selection gradient βy 
 equation 7b ) is analysed analogously in Figure 3(C) . 

To gain a better understanding of how trait change influ-
nces selection, we can analyse the combination of the selec-
ion gradient and each feedback component for a given trait
see Figure 2 ). Similar to the one-trait model, each feedback
omponent can either strengthen or weaken the selection on
 focal trait. The overall strength and magnitude of feedback
re determined by the sum of the feedback components. We
an consequently compare the magnitude of each feedback
omponent to determine which component has a more pro-
ounced effect on the strength of selection acting on the focal
rait (see Examples 2 and 3). 

The feedback analysis becomes more complicated when
utations have correlated effects on multiple traits ( Figure
 ). In this case, a trait may change because it is under direct
election, or because it is genetically correlated with other
raits that are under selection, as shown in equations ( 4a )
nd ( 4b ). 
Plugging these equations into ( 6a ) and ( 6b ) then yields: 

d 

dt 
βx = κ

(
σxx βx + σxy βy 

) ∂βx 

∂x 

+ κ
(
σyy βy + σxy βx 

) ∂βx 

∂y 
(8a)

d 

dt 
βy = κ

(
σyy βy + σxy βx 

) ∂βy 

∂y 

+ κ
(
σxx βx + σxy βy 

) ∂βy 

∂x 

. (8b)

hich can again be written more compactly as equation
 7 

∗), this time with a fully general mutational variance–

ovariance matrix M = [
σxx σxy 
σxy σyy 

] . 

Equations ( 8a ) and ( 8b ) describe how changes in the traits
 and y affect the selection gradients βx and βy , respec-
ively, in the presence of mutational covariance. Here, we
ake equation ( 8a ) as an example to understand how various
eedback pathways affect selection on x ( Figure 4B ). When
here is mutational correlation between the two traits, there
re four feedback components. Two of these are the same
s in the case with no mutational covariance (cf. Figures 3B
nd 4B ): (1) Direct selection on the focal trait x affects selec-
ion on the same trait (“within-trait feedback,” κσxx βx 

∂βx 
∂x :

lue arrows in Figure 4B ). (2) Direct selection on the coe-
olving trait y affects selection on x (“cross-trait feedback
ue to direct selection on the coevolving trait,” κσyy βy 

∂βx 
∂y :

reen arrows in Figure 4B ). In addition, there are two feed-
ack components that arise from indirect selection via the
utational correlation between x and y . Such indirect selec-

ion may cause either (3) the focal trait x to evolve, leading
o “cross-trait feedback due to indirect selection on the fo-
al trait” ( κσxy βy 

∂βx 
∂x : purple arrows in Figure 4B ), or (4) the

oevolving trait y to evolve, leading to “cross-trait feedback
ue to indirect selection on the coevolving trait” ( κσxy βx 

∂βx 
∂y :

range arrows in Figure 4B ). 
Here, the “within-trait feedback”—the first of the four

eedback components—describes how direct selection on the
ocal trait affect its selection gradient (the same as the blue
rrows in Figure 3B and C ), whereas all the other three
eedback components indicate how interactions between the
raits influence selection on the focal trait. 
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Figure 3. Feedback analysis for two coevolving traits in the absence of mutational covariance. (A) Feedback pathways among the four key 
elements—the traits x and y and the selection gradients βx and βy —when there is no correlation in mutational effects between the two traits. In this 
case, the selection gradients βx and βy influence the respective traits x and y (black solid arrows). Changes in the values of each trait feed back to 
influence both selection gradients (black dashed arrows). (B) Feedback analysis of the selection gradient βx in the absence of mutational covariance. 
Feedback on βx consists of two components: First, direct selection on the focal trait x feeds back to influence selection βx on the same trait (blue 
arrows). This feedback is referred as “within-trait feedback” and quantified as κσxx βx 

∂βx 
∂x . Only this type of feedback is present in a one-trait model 

(cf. Figure 1 ). Second, direct selection on the other trait y affects βx (green arrows). This feedback is referred as “cross-trait feedback” and quantified as 
κσyy βy 

∂βx 
∂y . (C) Feedback analysis of the selection gradient βy in the absence of mutational covariance. Again, feedback on βy consists of two 

components. First, direct selection on the focal trait y feeds back to influence selection βy on the same trait (blue arrows, “within-trait feedback”: 
quantified as κσyy βy 

∂βy 

∂y ). Second, direct selection on the other trait x affects βy (green arrows, “cross-trait feedback”: quantified as κσxx βx 
∂βy 

∂x ). 
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Feedback analysis of multivariate evolution 

We focused above on the case of two coevolving traits.
The extension to multiple traits (z1 , z2 , . . ., zn ) can be made 

by setting J =

⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

∂β1 
∂z1 

∂β1 
∂z2 

∂β2 
∂z1 

∂β2 
∂z2 

. . . 
∂β1 
∂zn 

. . . 
∂β2 
∂zn 

. . . 
. . . 

∂βn 
∂z1 

∂βn 
∂z2 

. . . 
. . . 

. . . 
∂βn 
∂zn 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

, M =

⎡ 

⎢ ⎢ ⎢ ⎣ 

σ11 σ12 
σ12 σ22 

. . . σ1 n 

. . . σ2 n 
. . . 

. . . 
σ1 n σ2 n 

. . . 
. . . 

. . . σnn 

⎤ 

⎥ ⎥ ⎥ ⎦ 

and β =

⎡ 

⎢ ⎢ ⎢ ⎣ 

β1 
β2 
. . . 

βn 

⎤ 

⎥ ⎥ ⎥ ⎦ 

in equation ( 7 

∗). Our arguments are thus 

general and apply also to coevolution among more than 

two traits. As in the two-trait case, within-trait feedback 

(e.g., blue arrows in Figures 3 and 4 ) represents how di- 
rect selection on the focal trait affects its selection gradi- 
ent, whereas all other feedback components describe how 

interactions between traits influence selection on the focal 
trait. 
eedback analysis in discrete-time adaptive 

ynamics 

n addition to the continuous-time dynamics outlined above,
daptive dynamics models can also be formulated in dis- 
rete time (e.g., Fromhage & Jennions, 2016 ; Henshaw et 
l., 2019 ; Lehtonen & Kokko, 2011 ). Discrete-time adap- 
ive dynamics can be thought of as an alternative frame-
ork in its own right, or as a discrete approximation to the

ontinuous-time dynamics to facilitate the numerical simu- 
ation of evolutionary trajectories. In a one-trait model with 

 resident trait z , the trait value after a discrete time step �t 
s approximated by the recursion equation: 

z( t+�t ) ≈ z( t ) + 1 

2 

μN�t σzz βz , (9) 

For simplicity, we write δ = 1 
2 μN�t for the total number 

f mutations that contribute to evolutionary change over the 
ime step �t . The discrete-time approximation of the canon- 
cal equation can then be written as follows: 

z( t+�t ) ≈ z( t ) + δσzz βz . (9∗) 
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Figure 4. Feedback analysis with mutational covariance between traits. (A) Feedback pathways between trait values and selection gradients in the 
presence of mutational covariance. In this case, both selection gradients βx and βy influence each trait via direct and indirect selection (black solid 
arrows). Changes in the values of each trait feed back to influence both selection gradients (black dashed arrows). (B) Feedback analysis of the selection 
gradient βx in the presence of mutational correlation. Feedback on the selection gradient consists of four components. First, direct selection on the focal 
trait x feeds back to influence selection βx on the same trait (blue arrows; quantified as κσxx βx 

∂βx 
∂x ). Second, direct selection on the other trait y affects 

βx (green arrows; quantified as κσyy βy 
∂βx 
∂y ). Only these two types of feedback exist in the absence of mutational covariance (cf. Figure 3 ). Third, indirect 

selection on the focal trait x due to its correlation with the trait y influences βx (purple arrows; quantified as κσxy βy 
∂βx 
∂x ). Fourth, indirect selection on the 

trait y due to its correlation with the focal trait x can also influence βx (orange arrows; quantified as κσxy βx 
∂βx 
∂y ). 
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Similarly, in a two-trait model with resident traits x and 

y , the discrete-time approximation of the canonical equation 

for each trait is given by: 

x( t+�t ) ≈ x( t ) + δσxx βx + δσxy βy (10a) 

y( t+�t ) ≈ y( t ) + δσyy βy + δσxy βx . (10b) 

with δ = 1 
2 μN�t defined as above. 

The feedback analysis in the discrete-time model is very 
similar to the continuous-time model shown above. In the 
discrete-time model, we can approximate the fitness gradi- 
ents at time t + �t using a first-order Taylor polynomial.
For the approximation to be accurate, it is important that 
the selection gradients are roughly linear as functions of the 
trait values at the scale of evolutionary change between t and 

t + �t . In other words, changes in mean trait values at this 
time-scale must be small relative to the radius of curvature 
of the selection gradients, interpreted as functions of mean 

trait values. For this to hold, it is sufficient that mutants are 
similar in phenotype to resident individuals (i.e., the σi j are 
small), or that selection gradients are weak (small βi ). These 
conditions correspond, respectively, to δ-weak and w -weak 

selection in the sense of Wild & Traulsen (2007) . Alterna- 
tively, it is sufficient that the time step �t is small, which 

might be assumed when the discrete-time adaptive dynam- 
ics is used as an approximation to the continuous-time dy- 
namics (e.g., to allow numerical computation of evolution- 
ary trajectories). 

Writing the trait values and selection gradients at time t + 

�t by (x′ , y′ ) and (β ′ 
x , β

′ 
y ) , respectively, we have: 

β ′ 
x ≈ βx +

(
x′ − x 

) ∂ 

∂x 

βx +
(
y′ − y 

) ∂ 

∂y 
βx (11a) 

β ′ 
y ≈ βy +

(
x′ − x 

) ∂ 

∂x 

βy +
(
y′ − y 

) ∂ 

∂y 
βy . (11b) 

Plugging in equations ( 10a ) and ( 10b ) then yields: 

β ′ 
x ≈ βx +

(
δσxx βx + δσxy βy 

) ∂ 

∂x 

βx 

+ (
δσyy βy + δσxy βx 

) ∂ 

∂y 
βx (12a) 

β ′ 
y ≈ βy +

(
δσxx βx + δσxy βy 

) ∂ 

∂x 

βy 

+ (
δσyy βy + δσxy βx 

) ∂ 

∂y 
βy , (12b) 

We can write the equation of ( 12 ) more compactly as: 

�β = β ′ − β ≈ δJM β. (12∗) 

with Jacobian matrix J = [
∂βx 
∂x 

∂βx 
∂y 

∂βy 

∂x 
∂βy 

∂y 

] , variance–covariance ma- 

trix M = [
σxx σxy 
σxy σyy 

] , and selection gradients β = [
βx 
βy 

] . This 

equation can be analysed analogously to equation ( 7 

∗) 
above. 

Feedback analysis in the weak selection limit of 
quantitative genetics 

The above approach to selection feedback analysis, based 

on discrete-time adaptive-dynamic models, can be readily 
adapted to a class of quantitative-genetic models that as- 
sume weak selection. In the weak selection limit, each trait is 
ften assumed to distribute sharply around the mean value 
see Iwasa et al., 1991 ). Under this assumption, the equa-
ions for the evolutionary dynamics of quantitative genetic 
odels are analogous in form to the discrete canonical equa-

ion of adaptive dynamics (equation 9 , cf. Iwasa et al., 1991 ;
eimar, 2009 ). 
To see how this approach works, we start with a quantita-

ive genetic model of a single trait z . The change in mean trait
alue �z̄ from the current generation to the next generation 

s given by: 

�z̄ = Gzz βz . (13) 

here Gzz is the additive genetic variance of the trait z ,
nd βz is the selection gradient, defined in this context as
z = 1 

w̄ 

∂ 
∂z (w (z, z̄ ) ) |z =z̄ , where w (z, z̄ ) is the fitness of an in-

ividual with trait value z in a population with mean trait
alue z̄ , and w̄ indicates the mean fitness of the popula-
ion. Note that additive genetic (co)variances in quantita- 
ive genetic models often play roles analogous to mutational 
co)variances in adaptive dynamics models, although their 
iological bases differ (see below). In addition, under the 
eak selection assumption, the definition of the selection 

radient coincides with that used in adaptive dynamics (cf.
ieckmann & Law, 1996 ; Taylor, 1996 ). 
Similarly, the coevolution of two traits, x and y , can be

escribed as 

�x̄ = Gxx βx + Gxy βy (14a) 

�ȳ = Gyy βy + Gxy βx , (14b) 

r more compactly as [
�x̄ 

�ȳ 

]
= G β. (14∗) 

here G = [
Gxx Gxy 
Gxy Gyy 

] is the additive genetic variance–

ovariance matrix. The G -matrix and the M -matrix share
imilar roles in describing variance and covariance in traits.
he M -matrix describes mutational effects, where the diag- 
nal elements indicate variances in the mutational effects on 

raits, and the off-diagonal elements are covariances in mu- 
ational effects due to pleiotropy ( Arnold et al., 2008 ; Jones
t al., 2007 ). The G -matrix, on the other hand, reflects stand-
ng genetic variation, with its diagonal consisting of additive 
enetic variances for traits and its off-diagonal elements cap- 
uring additive genetic covariances arising from pleiotropy 
nd linkage disequilibrium ( Arnold et al., 2008 ; Pigliucci,
006 ). Despite these similarities, M - and G -matrices operate
n different time scales. The M -matrix operates on shorter
imescales, highlighting the effects of new mutations as they 
ccur. In contrast, the G -matrix is more dynamic and reflects
volutionary processes operating over short, medium, and 

ong-term timescales, incorporating the cumulative effects of 
utation, selection, and genetic drift over many generations 

 Arnold et al., 2008 ). Both the G- and M- matrices can evolve
ver time, yet they are often treated as fixed parameters in
athematical models. 
Similar to the discrete-time adaptive dynamics, Taylor se- 

ies can be used to approximate the fitness gradients ( β ′ 
x , β

′ 
y )

t the next time step given the trait value (x′ , y′ ) , analogously
o equations ( 11 and 12 ). This gives us: 

�β = β ′ − β ≈ JG β. (15) 
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ith Jacobian matrix J = [
∂βx 
∂x 

∂βx 
∂y 

∂βy 

∂x 
∂βy 

∂y 

] , additive genetic

ariance–covariance matrix G = [
Gxx Gxy 
Gxy Gyy 

] , and selec-

ion gradient β = [
βx 
βy 

] . Feedback on selection can then be

nalysed analogously to above. 

xamples 

o illustrate the application of our feedback analysis, we
resent three examples. Beginning with an adaptive-dynamic
ramework, we explore scenarios involving a single trait (Ex-
mple 1) and two coevolving traits (Example 2). Lastly, we
resent an example that utilizes the framework of quantita-
ive genetics (Example 3). With these examples, we aim to
howcase the versatility and efficacy of our feedback analy-
is across various evolutionary contexts. Examples 1 and 3
llustrate the application of our approach, serving as practi-
al guides for its implementation. Example 2 highlights both
he practical utility and the explanatory power of the frame-
ork by applying it to the well-studied evolutionary dynam-

cs underlying the emergence of anisogamy. 

xample 1: the evolution of offspring size 

e first investigate the evolution of a single trait: offspring
ize (e.g., the size of eggs at laying or offspring at birth
n species with no further parental care), building on the
ramework established by Smith & Fretwell (1974) . The
riginal model was formulated as an optimality model, but
e consider it here in an adaptive-dynamic framework. We
ssume that each female has a fixed amount of resources
 for producing offspring. An individual producing off-

pring of size m can generate R 

m 

offspring in total. There-
ore, smaller offspring can be produced in greater num-
er. On the other hand, an offspring’s survival probability
 increases with its size, which we model following Levitan
2000) as S = exp (− α

m 

) (see also Bulmer & Parker, 2002 ;
eviewed in Myllymaa & Lehtonen, 2025 ), where the pa-
ameter α scales the relationship between offspring size and
urvival. There is thus a trade-off between offspring num-
er and survival in this model. The fitness (i.e., the number
f surviving offspring) of a rare mutant with offspring size
ˆ 
 in a resident population with offspring size m is given
y w ( ˆ m , m ) = R 

ˆ m 

exp (− α
ˆ m 

) . Note that selection is frequency-
ndependent in this simple model, so that w ( ˆ m , m ) does
ot depend on the resident strategy m . The selection gradi-
nt βm 

= 1 
w (m,m ) 

∂ 
∂ ˆ m 

w ( ˆ m , m ) | ˆ m = m 

, the evolutionary trajectory

obtained from 

dm 

dt = κσmm 

βm 

) and the feedback acting on

he selection gradient ( dβm 
dt = κσmm 

βm 

dβm 
dm 

) can be derived
asily. Over time, offspring size evolves towards its optimum
t m = α ( Smith & Fretwell, 1974 ). The model’s simplicity
llows for a clear understanding of the dynamics driving se-
ection on offspring size over time. 

Figure 5 illustrates an exemplary evolutionary trajectory
 Figure 5A ), along with the selection gradient ( Figure 5B ),
nd the feedback acting on the selection gradient ( Figure
C ). Since the initial value of m exceeds the optimal size in
his example, it decreases until reaching the optimal size of
 = α = 1 ( Figure 5A ). Consequently, the selection gradi-

nt is consistently negative ( Figure 5B ). Feedback is initially
egative (to the left of the dashed vertical line in Figure 5C )
nd then switches to positive (to the right of the dashed ver-
ical line). As offspring size approaches its optimum, both
he selection gradient ( Figure 5B ) and the feedback term
 Figure 5C ) approach zero. By examining the combination
f the selection gradient and its feedback term, we can un-
erstand how feedback affects selection (cf. Figure 2 ). Ini-
ially, both the selection gradient and the feedback term are
egative. Therefore, as offspring size decreases, selection for
maller size becomes stronger (“negative reinforcing selec-
ion,”denoted by the blue background in Figure 5C ), acceler-
ting the evolutionary process towards the optimal offspring
ize. This self-reinforcing process continues until around 15
00 units of evolutionary time, at which point the feedback
erm switches to positive, while the selection gradient re-
ains negative. This reflects “negative inhibiting selection,”
hereby the selection for smaller offspring weakens as off-

pring size approaches the equilibrium (purple background
n Figure 5C ). The transition from self-reinforcing selection
o self-inhibiting selection results from the shape of the fit-
ess function. As the trait approaches its equilibrium, where
he fitness function is locally concave, the selection gradi-
nt decreases in magnitude, indicating inhibiting feedback.
owever, because the fitness function is not concave across

ts entire domain, the selection gradient can increase in mag-
itude over time in certain regions (e.g., at very small or
arge initial values of offspring size in this case), resulting in
tronger directional (reinforcing) selection during the early
tages of evolution. 

xample 2: the evolution of anisogamy 

e next demonstrate the application of our feedback anal-
sis to a model with two coevolving traits: the anisogamy
odel of Lehtonen & Kokko (2011) . In their study, Lehto-
en and Kokko ( 2011 ) explored the impact of gamete
ompetition and gamete limitation on the evolution of
nisogamy. The model considers a population consisting of
wo different mating types, denoted as x and y , which pro-
uce gametes of sizes mx and my , respectively. While both ga-
ete types are initially of similar size, disassortative fusion is
ecessary to produce zygotes (i.e., type x can only fuse with
ype y and vice versa). In each local mating group, there are a
xed number of adults, Ax and Ay , of each mating type. Each
arent in the group possesses a fixed amount of resources M
or reproduction, resulting in the production of a total num-
er of Ax 

M 

mx 
and Ay 

M 

my 
gametes with sizes mx and my , respec-

ively. An increase in the values of Ax and Ay corresponds
o greater gamete competition. The gametes of each mating
ype undergo depletion through dying at rates of μ(mx ) and
(my ) , as well as through fertilization occurring at a rate of
Nx Ny , where Nx and Ny represent the numbers of gametes
ith sizes mx and my available for fertilization. Here, the
arameter γ determines the encounter rate between the two
ypes of gametes and is used to modify gamete limitation in
he model. As illustrated in the Supplementary materials , the
ynamics of Nx and Ny are influenced by gamete production,
ortality, and fertilization (see equation (S1)). Setting equa-

ion (S1) to zero allows the determination of the equilibrium
umber of available gametes for each mating type. 
Similar to the one-trait model shown above, the fit-

ess of each mating type is defined as the total num-
er of surviving zygotes. Therefore, the fitness of a

https://academic.oup.com/evolut/article-lookup/doi/10.1093/evolut/qpaf191#supplementary-data
https://academic.oup.com/evolut/article-lookup/doi/10.1093/evolut/qpaf191#supplementary-data
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Figure 5. Application of feedback analysis to the evolution of a single trait, offspring size m . (A) Evolutionary trajectory following the canonical equation 
( d m/d t = κσmm 

βm 

), (B) selection gradient βm 

, and (C) feedback ( d βm 

/d t = κσmm 

βm 

dβm 
dm 

) over evolutionary time. The vertical dashed line indicates the 
time point at which the feedback term switches from negative to positive. In (C), the blue and purple backgrounds indicate the “negative reinforcing”
and “negative inhibiting” feedback phases, respectively. Parameter settings: R = 1 , α = 1 , and κσmm 

= 1 . Offspring size m was initialized at 5. We 
approximated the evolution trajectory, selection gradient, and feedback numerically using Wolfram Mathematica (see Mathematica code available from 

the Dryad Digital Repository ( Long et al. 2025b )). 
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single mutant which produces gametes of size ˆ mx in a 
resident population with gametes of sizes mx and my is 
given by wx ( ˆ mx , mx , my ) = γ ˆ Nx Ny S ( ˆ mx , my ) , where ˆ Nx 
and Ny are the numbers of gametes with sizes ˆ mx and 
y available for fertilization at equilibrium (see equation 

S2) in the Supplementary materials ) and S ( ˆ mx , my ) repre-
ents the survival probability of the zygotes, which increases 
ith zygote size (given by ˆ mx + my ). The invasion fitness

https://academic.oup.com/evolut/article-lookup/doi/10.1093/evolut/qpaf191#supplementary-data
https://academic.oup.com/evolut/article-lookup/doi/10.1093/evolut/qpaf191#supplementary-data
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f a single mutant producing gametes with size ˆ my (i.e.,
y ( ˆ my , mx , my ) ) can be derived similarly. Based on the in-
asion fitness functions, the selection gradients for each ga-
ete type are given by βmx = 1 

w̄ 

∂ 
∂ ˆ mx 

wx ( ˆ mx , mx , my ) | ˆ mx = mx 

nd βmy = 1 
w̄ 

∂ 
∂ ˆ my 

wy ( ˆ my , mx , my ) | ˆ my = my , where w̄ indicates
he fitness of resident population producing gametes of
izes mx or my (assuming equal sex ratios, we have w̄ =
x (mx , mx , my ) = wy (my , mx , my ) ; see the Supplementary
aterials for more details). 
Lehtonen & Kokko (2011) do not allow for mutational

ovariance between mx and my . Therefore, both traits are
nly under direct selection. In line with this, the evolution-
ry trajectories can be described by our equation ( 5 ). Feed-
ack acting on each selection gradient ( βmx and βmy ) due to
hanges in gamete sizes can be derived using our equation
7) . 

Figure 6 shows an exemplary evolutionary trajectory, in
hich an initially small asymmetry in gamete sizes is mag-
ified, ultimately resulting in the evolution of anisogamy.
uring this process, each selection gradient is shaped by
oth within- and cross-trait feedback (see Figure 3 ). Ga-
etes of size mx are initially slightly smaller than opposite-

ype gametes, gradually decreasing in size until they reach
quilibrium ( Figure 6A1 ). Throughout this process, the se-
ection gradient βmx remains negative until it stabilizes at
ero ( Figure 6A2 ). Within-trait feedback acting on βmx (i.e.,
hanges in βmx due to direct selection on mx ) is initially neg-
tive (left of the orange dashed vertical line in Figure 6A3 ),
hen switches to positive (right of the orange dashed verti-
al line in Figure 6A3 ). Given that the selection gradient is
niformly negative ( Figure 6A2 ), this corresponds to an ini-
ial phase of reinforcing within-trait feedback, which acts
o intensify the negative selection on mx (blue background
n Figure 6A3 ), followed by inhibiting within-trait feedback
hat diminishes selection for smaller mx (purple background
n Figure 6A3 ). This pattern is analogous to feedback on off-
pring size in the previous example, which starts as a self-
einforcing process but transitions into a self-inhibiting one
s the equilibrium is approached. However, this does not
ully describe the course of evolution for mx in this case, as
hanges in my also impact the selection environment for mx .

Cross-trait feedback on βmx (i.e., changes in βmx due to di-
ect selection on my ) exhibits the opposite pattern to within-
rait feedback. It begins as positive (left of the black dashed
ertical line in Figure 6A4 ) and switches to negative (right of
he black dashed vertical line in Figure 6A4 ). The switching
oint, marked by the black dashed vertical lines in Figure
 , corresponds to a turning point for gametes of size my ,
t which my shifts from a decreasing trend to an increas-
ng one ( Figure 6B1 ) and the selection gradient βmy corre-
pondingly switches from negative to positive ( Figure 6B2 ).
efore this switching point, decreasing values of my act as
 brake on selection for smaller mx (i.e., negative inhibiting
ross-trait feedback; purple background in Figure 6A4 ), be-
ause the need to produce surviving zygotes prevents both
amete types from becoming too small simultaneously. Af-
er the switching point, increasing values of my accelerate
election for smaller mx (i.e., negative reinforcing cross-trait
eedback; blue background in Figure 6A4 ). This is because
arger values of my allow mx to become even smaller with-
ut compromising the viability of zygotes. Within-trait and
ross-trait feedback on βm act in opposite directions over
x (  
ost of the evolutionary trajectory. By examining the differ-
nce between the absolute values of the within- and cross-
rait feedback components (indicated by the white dashed
ines in Figure 6A3 , A4 ), we can see that inhibiting cross-trait
eedback plays a more influential role in the initial evolution
f mx . After my begins to increase, there is a brief period

n which reinforcing cross-trait feedback dominates, caus-
ng selection for smaller mx to increase. In the final phase,
nhibiting within-trait feedback dominates as gamete sizes
pproach equilibrium. 
Gametes of size my , which are initially slightly larger than

pposite-type gametes, experience an initial decrease in size
ollowed by an increase ( Figure 6B1 ). Correspondingly, the
election gradient βmy is initially negative, before becoming
ositive ( Figure 6B2 ). During the period of decreasing my 
left of the black dashed vertical line in Figure 6B ), within-
rait feedback follows a pattern very similar to that of mx . It
nitially exhibits reinforcing feedback (left of the red dashed
ertical line and in blue background in Figure 6B3 ) and then
ransitions briefly to inhibiting feedback (between the red
nd black dashed vertical lines and in purple background
n Figure 6B3 ). Cross-trait feedback is inhibiting throughout
nitial phase ( Figure 6B4 ). Once my starts to increase (right
f the black dashed vertical line in Figure 6B ), within-trait
eedback acts to inhibit selection for larger my (purple back-
round in Figure 6B3 ), whereas cross-trait feedback rein-
orces this selection (red background in Figure 6B4 ). As with

x above, inhibiting cross-trait feedback initially dominates
he evolution of the selection gradient. Once my begins to
ncrease, reinforcing cross-trait feedback dominates, causing
ncreasing selection for larger my . In the final phase, as the
quilibrium is approached, inhibiting within-trait feedback
xerts a greater influence, leading to a reduction in selection
or larger my . 

Taken together, we gain a comprehensive understand-
ng of the coevolutionary process involving the two gamete
ypes. In the initial phase, both gamete types undergo a
ecrease in size. This reduction is strongly influenced by
ross-trait feedback, which inhibits selection for smaller size
n both gamete types, as the costs of reducing gamete size
re greater if fertilization partners produce smaller gametes.
his aligns with previous arguments that sexual conflict is
lready present in the earliest stages of the evolution toward
nisogamy ( Lehtonen et al., 2012 ). The initially smaller ga-
etes decrease more rapidly, reaching a size that halts fur-

her reduction in the opposite type; otherwise, the zygote
s unlikely to survive. As the initially smaller gametes con-
inue to decrease in size while the opposite type begins to
ncrease in size, they reinforce the strength of selection on
ach other via cross-trait feedback, leading to further asym-
etry in their sizes. At the end of the coevolutionary pro-

ess, within-trait feedback becomes more dominant, reduc-
ng the strength of selection and causing each type of gamete
o evolve slowly toward its equilibrium state. 

xample 3: Fisherian runaway process of sexual 
election 

ur final example, based on the Fisherian runaway process
f sexual selection, illustrates the application of feedback
nalysis in quantitative genetic models. The foundational
odel for the Fisher process was developed by Lande (1981)

but see Henshaw & Jones, 2020 ). In this model, populations

https://academic.oup.com/evolut/article-lookup/doi/10.1093/evolut/qpaf191#supplementary-data
https://academic.oup.com/evolut/article-lookup/doi/10.1093/evolut/qpaf191#supplementary-data
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Figure 6. Application of feedback analysis to the evolution of anisogamy. Based on the model of Lehtonen & Kokko (2011) , gamete sizes of two mating 
types, mx and my , coevolve. (A1 , B1 ) Evolutionary trajectories of mx and my , following the canonical equation of adaptive dynamics. (A2 , B2 ) Selection 
gradients βmx and βmy over evolutionary time. (A3 , B3 ) Within-trait feedback (blue lines) on each selection gradient. (A4 , B4 ) Cross-trait feedback (green 
lines) on each selection gradient. The white dashed lines represent the difference in absolute values between within- and cross-trait feedback 
components, where positive values indicate a greater magnitude of within-trait feedback. The vertical dashed lines (black, orange, and red) indicate the 
time points at which the feedback components switch sign. The black vertical dashed lines also mark the time point when my transitions from a 
decreasing trend to an increasing one. The blue and red backgrounds indicate “negative reinforcing” and “positive reinforcing” feedback, respectively; 
and purple background shows all “inhibiting” feedback. Parameter setting: Ax = Ay = 5 , M = 1 , γ = 1 , κ = 1 , and σmx mx = σmy my = 1 . Gamete sizes mx 

and my were initialized at 5 and 5.1, respectively. See detailed model description and other parameter values in the Supplementary materials . We 
approximated the evolution trajectories, selection gradients, and feedback components numerically using Wolfram Mathematica (see Mathematica code 
available from the Dryad Digital Repository ( Long et al. 2025b )). 
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are characterized by two quantitative traits: a male orna- 
ment s and a female preference p. Both traits are inherited via 
autosomal transmission and exhibit sex-specific expression.
The model assumes no direct benefits or costs for female 
choosiness and so the selection gradient on female preference 
is zero. However, indirect selection on preference occurs due 
to its additive genetic correlation with male ornamentation.
Therefore, the changes in the population mean ornament 
n  
ize, s̄ , and preference, p̄ , from the current to the next gen-
ration can be described as �s̄ = 1 

2 Gss βs and �p̄ = 1 
2 Gsp βs ,

espectively (cf. equation (13) ). The factor 1 
2 accounts for 

ex-specific expression, Gss represents the additive genetic 
ariance for male ornament size, Gsp is the additive genetic 
ovariance between male ornament size and female prefer- 
nce strength, and βs is the selection gradient for the male or-
ament. In the model of Lande (1981) , the fitness of a male

https://academic.oup.com/evolut/article-lookup/doi/10.1093/evolut/qpaf191#supplementary-data
https://academic.oup.com/evolut/article-lookup/doi/10.1093/evolut/qpaf191#supplementary-data
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ith ornament size s in a population with mean preference p̄
s given by w (s, p̄ ) = v (s ) ϕ(s, p̄ ) . Here, the viability function
 (s ) = exp [− 1 

2 
(s −θ ) 2 

ω2 ] determines the survival probability of
 male with ornament size s (where 1 /ω reflects the strength
f viability selection against exaggerated ornaments and θ

s the optimal ornament size under viability selection). The
psychophysical” preference function ϕ(s, p̄ ) = exp (sp̄ ) de-
ermines the mating success of a male with ornament size s
n a population with the mean female preference strength p̄ .
emales with p > 0 prefer males with more extreme orna-
entation. The selection gradient for the male ornament is

herefore given by βs = 1 
w (s̄ ,p̄ ) 

∂ 
∂s (w (s, p̄ ) ) |s =s̄ = p̄ − s̄ −θ

ω2 . Set-
ing the selection gradient equal to zero yields a line of equi-
ibria for female preference and male ornament: p̄ = s̄ −θ

ω2 ,
ith the slope given by 1 

ω2 . 
By applying equation (15) , we can analyse how changes

n male ornamentation and female preference influence se-
ection on s̄ . Since the selection gradient βs is a linear func-
ion of trait values in Lande’s model, the assumption of
eak selection is not strictly required here, although in most
ther cases it will be. There are two feedback components
t play here: within-trait feedback (given by δGss βs 

∂ 
∂ s̄ βs =

1 
ω2 δGss βs ), and cross-trait feedback due to indirect selec-

ion on female preference (given by δGsp βs 
∂ 
∂ p̄ βs = δGsp βs ).

or a better understanding, we here focus on the case where
he male ornament is initialized with a value smaller than
he optimal size ( s < θ ), and thus, there is selection favoring
arger male ornament ( βs > 0 ). Accordingly, the within-trait
eedback − 1 

ω2 δGss βs becomes negative, suggesting that as
ale ornament size increases, selection for further enlarge-
ent diminishes. This self-inhibiting phenomenon arises due

o male ornamentation approaching its optimal size for a
xed preference strength. On the other hand, the cross-trait
eedback δGsp βs is positive, indicating a positive reinforcing
ffect. This means that as female preference increases, selec-
ion for even larger male ornaments is enhanced. 

By comparing the magnitudes of each feedback compo-
ent ( | − 1 

ω2 δGss βs | vs. |δGsp βs | ), we can understand how they
nteract with the selection gradient (note that we focus on
he case of βs > 0 ), thereby influencing the evolution of male
rnamentation and female preference. When the within-trait
eedback is larger in magnitude ( Gsp / Gss <

1 
ω2 ), selection for

arger male ornamentation is predominantly inhibiting un-
il it reaches the equilibrium. This inhibiting effect extends
o the genetically correlated female preference, resulting in
 similar evolutionary trajectory. Therefore, in this case the
volution will proceed towards the line of equilibria with
lope 1 

ω2 . In contrast, when the cross-trait feedback has is
arger in magnitude ( Gsp / Gss >

1 
ω2 ), increases in female pref-

rence further amplify selection for even larger ornament
n males, resulting in a never-ending runaway process. This
rocess accelerates rapidly away from any equilibrium point,
ith traits evolving at an ever-increasing speed. Our frame-
ork therefore provides a new lens through which to view
ande’s (1981) original analysis. 

iscussion 

n this study, we provide a general framework for quanti-
ying how changes in coevolving traits, caused by selection,
eed back to shape the selection environment. This frame-
ork can be applied both to adaptive-dynamic models and
o quantitative-genetic models that assume weak selection.
ur framework can be used to provide formal support or

efutation of verbal arguments about exactly why certain
raits coevolve in the manner they do. 

The application of our framework to the evolution of
nisogamy (Example 2) illustrates its power for interrogat-
ng verbal models of coevolution. In the model we analyse,
mall initial asymmetries in gamete size can amplify over
volutionary time, leading to divergence into small gametes
sperm) and large gametes (eggs). Trivers (1972) famously
rgued that any initial differences in parental investment be-
ween the sexes are maintained or magnified over time a
ia self-reinforcing process. Trivers’ argument was as fol-
ows: Because females initially invest more than males in zy-
otes, they have more to lose if they abandon their offspring
nd so should be incentivized to provide further parental in-
estment (e.g., larger eggs or postzygotic care). In contrast,
ales, who invest less in gametes and consequently become
ate-limited, should allocate more resources to competitive

raits to enhance their mating success, rather than increasing
arental investment. This argument has been criticized for
arious reasons (e.g., it commits the “Concorde fallacy”; see
awkins & Carlisle, 1976 ; Kokko & Jennions, 2008 ). Some
uthors argue that anisogamy may not be the fundamen-
al cause of sex-role divergence ( Ah-King, 2013 ; Gowaty &
ubbell, 2005 ), while others have suggested that anisogamy

an drive sex-role divergence when other factors are taken
nto account (e.g., Fromhage & Jennions, 2016 ; Lehtonen et
l., 2016 ; Queller, 1997 ; Schärer et al., 2012 ). 
Our feedback analysis of the evolution of anisogamy sug-

ests a new take on Trivers’ argument: In our analysis, sex
ifferences in gamete investment are not maintained by a
elf-reinforcing process (‘I should invest more because I al-
eady invested more’), but rather by a cross-trait reinforcing
rocess (‘I should invest more because my partner invested

ess’ and ‘I should invest less because my partner invested
ore’). Importantly, reinforcement here occurs over evolu-

ionary time, rather than within a generation. As depicted
n Figure 6 , if one gamete type is larger than the other, the se-
ection environment for each gamete type is strongly shaped
y cross-trait reinforcing feedback. The decreasing size of
he smaller gamete creates a selection environment that fa-
ors even larger size in the larger gamete. Similarly, the in-
reasing size of the larger gamete selects for further reduc-
ions in the size of the smaller gamete. In contrast to Trivers’
rgument, changes in the size of one gamete type often lead
o weaker selection for further changes in the same direc-
ion (within-trait inhibiting feedback). An analogous argu-
ent could potentially be developed to explain the diver-

ence of postzygotic parental investment (cf. McNamara et
l., 2003 ), the main target of Trivers’ original argument, al-
hough careful consideration would be needed to account
or the differences in the selection pressures acting on ga-
ete size and subsequent parental investment. 
To apply our framework in a discrete-time setting, a

ey assumption must be satisfied: The selection gradients
ust be nearly linear over the scale of microevolutionary

hange. This restriction is required because we approximate
he selection gradients using a first-order Taylor polyno-
ial (i.e., a linear approximation) when estimating how they

hange due to trait evolution. Typically, this assumption is
ramed as “weak selection,” since it is met when evolution is
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gradual ( McElreath & Boyd, 2008 ; Wild & Traulsen, 2007 ).
In adaptive dynamics, weak selection is typically assumed as 
part of the framework’s foundation, whereas in quantitative 
genetic models, it is an additional assumption. Under strong 
selection, our feedback framework should be viewed only as 
an approximation. This is because, in such cases, the feed- 
back components (i.e., within- and cross-trait feedback as 
demonstrated in our study) do not interact additively, pos- 
ing challenges in disentangling the contribution of each feed- 
back component to changes in selection environment. Given 

the key assumptions of our framework, our feedback analy- 
sis could feasibly be extended to population genetic models,
particularly in scenarios involving weak selection ( Barton 

& Turelli, 1991 ; Kirkpatrick et al., 2002 ; van Doorn & 

Kirkpatrick, 2010 ). However, the genetic details, including 
factors such as dominance and epistasis, along with interac- 
tions between multiple genetic loci, can lead to more com- 
plex coevolutionary dynamics. Therefore, it may be neces- 
sary to account for these factors when extending the frame- 
work. 

Our framework assumes that mean trait values alone are 
sufficient to determine evolutionary dynamics. This simpli- 
fication is insufficient to capture some important evolution- 
ary phenomena, however. For example, in some adaptive- 
dynamic models, the dynamics lead to evolutionary branch- 
ing ( Geritz et al., 1998 ). Branching corresponds to an in- 
crease in phenotypic variance that results in polymorphic 
populations with a bimodal distribution of traits ( Dercole 
& Rinaldi, 2008 ; Geritz et al., 1998 ). Our approach as de- 
veloped here cannot provide insights once traits converge to 

a branching point. Further, both the M -matrix and the G - 
matrix may evolve, rather than being fixed as we assume 
here ( Arnold et al., 2008 ; Blows, 2007 ; Jones et al., 2007 ).
This in turn may feed back to influence the strength and di- 
rection of selection. While the framework developed here as- 
sumes that selection is sensitive to trait means only, future 
work could extend this framework to consider how changes 
in trait distributions more broadly shape the selection 

environment. 
While our framework is grounded in evolutionary theory 

via adaptive dynamics and quantitative genetics, its struc- 
ture also shares similarities with recent advances in analysing 
feedbacks in ecoevolutionary dynamics (e.g., Hairston et 
al., 2005 ; Patel et al., 2018 ). A common feature of both 

is the focus on partitioning the contributions of specific 
feedback pathways, thereby identifying and interpreting the 
mechanisms that drive dynamics over time. This perspec- 
tive aligns closely with the core principles of system dy- 
namics ( Forrester, 1982 , 1983 ), particularly when combined 

with feedback loop analysis methods ( Kampmann, 2012 ; 
Kampmann & Oliva, 2006 , 2008 ), which use the system’s 
Jacobian matrix as the basis for identifying feedback loops 
and linking them to the system’s stability properties. Similar 
to (eco-)evolutionary feedback analysis, these methods track 

how changes in system behavior are driven by shifts in in- 
dividual feedback loops over time. Reinforcing loops tend 

to generate accelerating increases or decreases and, when 

sufficiently strong relative to balancing loops, can promote 
instability. Conversely, balancing loops counteract change 
and thereby promote stability. Such methods have been ap- 
plied widely across complex systems, including ecology (e.g.,
Abram & Dyke, 2018 ) and social–ecological research (e.g.,
Lade et al., 2015 ). Situating our work within this broader 
radition underscores its generality and relevance to the 
tudy of complex adaptive systems. 

upplementary material 

upplementary material is available online at Evolution . 
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